Abstract. An empty simplex is a lattice simplex with only its vertices as lattice points. Their classification in dimension three was completed by White in 1964. In dimension four, the same task was started in 1988 by Mori, Morrison, and Morrison, with their motivation coming from the close relationship between empty simplices and terminal quotient singularities. They conjectured a classification of empty simplices of prime volume, modulo finitely many exceptions. Their conjecture was proved by Sankaran (1990) We here complete the classification of 4-dimensional empty simplices. In doing so we correct and complete the classification claimed by Barile et al., and we also compute all the finitely many exceptions, by first proving an upper bound for their volume. The whole classification has:
Introduction and statement of results
Let Λ ⊂ R d be a linear lattice. For most of what we do there is no loss of generality in taking Λ = Z
d . An empty d-simplex is a d-simplex P = conv(v 0 , . . . , v d ) such that P ∩ Λ = {v 0 , . . . , v d }. Empty simplices are a particular class of lattice polytopes, that is, polytopes with vertices in Λ. In this paper we complete the classification of 4-dimensional empty simplices, a task started more than thirty years ago by S. Mori, D. R. Morrison, and I. Morrison [MMM88] . Classifying is meant modulo affine isomorphism of the lattice. That is, two lattice d-polytopes P and P (with respect to lattices Λ and Λ ) are called isomorphic if there is an affine map f : R d → R d with f (P ) = P that induces a lattice isomorphism f | Λ : Λ On the one hand, empty simplices can be considered the "building blocks" of lattice polytopes, since every lattice polytope can be triangulated into empty simplices. In particular, understanding the structure of empty simplices in any fixed dimension d allows one to derive consequences for all lattice d-polytopes. A first example of this is Pick's formula relating the area and number of lattice points in a lattice polygon [BR15] , which can easily be derived from Euler's formula and the fact that every empty triangle is unimodular. Here a unimodular simplex is a simplex whose vertices form an affine Z-basis of Λ. Put differently, it is any simplex isomorphic to the standard simplex conv(0, e 1 , . . . , e d ) with respect to the standard lattice Z d . See [KS03, SZ13, CS19, BS16] for examples where the classification of three-dimensional empty simplices is applied to derive general results on lattice 3-polytopes.
On the other hand, empty simplices are (almost) in bijection to terminal quotient singularities in the minimal model program. More precisely, terminal quotient singularities of dimension d, modulo isomorphism, are in bijection to empty simplices with a vertex at the origin, modulo isomorphisms fixing the origin. Put differently, they are in bijection to pairs (P, v) where P is an empty d-simplex and v is a vertex of it. See [MS84, MMM88, Bor99, Bor08] for more on this relation.
The classification of empty simplices of dimension up to three is classical. As mentioned above, in dimension two all empty triangles are unimodular (hence they are all isomorphic to one another). In dimension three there are infinitely many nonisomorphic empty tetrahedra but they admit a nice two-parameter classification as follows. In this classification and in the rest of the paper we use the word volume always meaning normalized volume, so that the volume of a unimodular simplex is 1 and the volume of every lattice polytope is an integer. Theorem 1.1 ( [Whi64] , see also [MS84, Seb99] ). Let q ∈ N. Every empty tetrahedron T of volume q is isomorphic to T (p, q) := conv{(0, 0, 0), (1, 0, 0), (0, 0, 1), (p, q, 1)} for some p ∈ Z with gcd(p, q) = 1. In particular, there is an affine lattice functional taking value 0 at two vertices of T and value 1 at the other two. Moreover, T (p, q) is isomorphic to T (p , q) if and only if p = ±p ±1 (mod q).
In dimension four the classification is much more complicated. In order to state it we need to introduce a bit of extra notation. For a given lattice simplex P = conv(v 0 , . . . , v d ), we denote by Λ P the affine lattice generated by {v 0 , . . . , v d }. Without loss of generality we assume Λ P to contain the origin (e.g., we translate P so that v 0 = 0) and thus we have a quotient group G P := Λ/Λ P , which is a finite abelian group of order equal to the volume of P . We say that P is cyclic if G P is a cyclic group. we call barycentric coordinates of a class [p] ∈ G P the barycentric coordinates of any representative p ∈ [p], considered as a vector in (R/Z) d+1 . One can choose a canonical representative for barycentric coordinates by requiring all coordinates to be in [0, 1), but it will typically be more convenient for us to choose a representative with sum of coordinates equal to zero. Observe that the barycentric coordinates of every p ∈ Λ lie in
, where V is the volume of P . 
One last ingredient that is useful in order to state (and prove) our classification is to look at what is the smallest dimension of a hollow projection of a given simplex. Here, a hollow polytope is a lattice polytope with no interior lattice points and a hollow projection of a hollow lattice polytope P ⊂ R d is an affine map π :
such that π(P ) is hollow with respect to the lattice π(Λ). It is obvious that the unique hollow 1-polytope is the unimodular simplex (a unit segment) and it is easy to show (see e. g. [Sch03, Theorem 2]) that the only hollow 2-polytope that does not project to a unit segment is the second dilation of a unimodular triangle. We denote it 2∆ 2 and it is displayed in Figure 1 . We can now state our main theorem: Theorem 1.6 (Classification of empty 4-simplices). Let P be an empty 4-simplex of volume V ∈ N and let k ∈ {1, 2, 3, 4} be the minimum dimension of a hollow polytope that P projects to. Then P is in one of the following situations, depending on k: k = 1: P can be represented by a 5-tuple of the form 1 V (α + β, −α, −β, −1, 1), with α, β ∈ N and gcd(α, β, V ) = 1. P is isomorphic to the simplex conv{(0, 0, 0, 0), (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 0, 1), (α, β, V, 1)}. [MMM88] . The necessary and sufficient conditions on V for the quintuple to define an empty simplex are shown. In all cases the condition is that no two (or more) of the integers in the tuple have the same factor in common with V . E.g., in the first one V = 3Z since two entries of (9, 1, −2, −3, −5) are divisible by 3. k = 2: The 5-tuple representing P belongs to one of the following two families:
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In both cases gcd(α, V ) = 1. We call the first one the primitive family, and the second the nonprimitive one. k = 3: With finitely many exceptions (of volumes bounded by 72) the 5-tuple is of one of the 29 primitive + 17 nonprimitive forms shown in Tables 1 and 2 . k = 4: There are finitely many possibilities for P , by Theorem 2.1. See more details in Theorem 1.7, below.
Some remarks about the statement:
• The classification is not irredundant. The same empty simplex may belong to several families, since it may project to different lower dimensional configurations. Also, as explained above, the parameters a and b are only important modulo V , and multiplying a 5-tuple by a unit modulo V does not change the simplex.
• Every integer choice of V , a and b in the different families produces a hollow cyclic 4-simplex, but some of them may not be empty. In the cases (1, 0, 2, 0, 0) ± 1 V (3, −6, 2, 2, −1)
(1, −6, 2, 6, −3)
Index 6:
(1, 0, 0, 4, 1) ± 1 V
(1, −3, 1, 2, −1) Table 2 . The 17 non-primitive quintuples. V needs to be a multiple of the index I ∈ {2, 3, 4, 6} and satisfy certain additional restrictions modulo I 2 , specified in Table 5 . k = 1, 2 we have stated the precise necessary and sufficient conditions for the quintuple to define an empty simplex. In the case k = 3 the caption of Table 1 contains the necessary and sufficient conditions, but the precise conditions for Table 2 are only specified in Table 5 . Observe that the families described in cases k ≤ 3 have 4−k parameters, counting V as one of them. In order to have a complete classification we need to enumerate the finitely many exceptions of the cases k = 3, 4. Once we have the volume bound this is a computationally easy task, which yields: Theorem 1.7. Apart of the 1+2+46 families with 3, 2 and 1 parameters described in Theorem 1.6 there are exactly 2461 sporadic empty 4-simplices. Their volumes range from 24 to 419 and the number of them for each volume is as listed in Table 3 .
Summing up, the whole classification consists of 1 three-parameter family (case k = 1), 2 two-parameter families (case k = 2), 29+17=46 one-parameter families (part of case k = 3) and 2461 individual examples.
The structure of the proof (and of the paper) is as follows. In Section 2 we show a general scheme to classify hollow polytopes in fixed dimension, and a more explicit one for the case of cyclic simplices. In Sections 3 and 4 we implement this approach for empty 4-simplices that project to hollow 3-polytopes, thus poving the cases k = 1, 2, 3 of Theorem 1.6. The derivation of cases k = 1 and 2 is quite easy, but the case k = 3 requires a close look at the classification of hollow 3-polytopes recently developed in [AKW17] , together with the analysis of hollow lifts of hollow polytopes using ideas from [BHHS16] .
The case k = 4 of Theorem 1.6 and the more explicit Theorem 1.7 are proved in Section 5. We start by showing an upper bound of 5184 for the volume of empty 4-simplices that do not project to lower dimension (Theorem 5.1). This bound is obtained using convex geometric arguments, namely the theory of successive minima and covering minima. The case where P has width at least three was already studied in [IVnS19] , and here we look at the case of width two (width one is equivalent to k = 1). Once the volume bound is proven, a brute force enumeration of all empty 4-simplices up to that bound gives the statements. Details on how we implemented this enumeration appear in [IVnS19] . The only new ingredient is pruning the output to discard all empty 4-simplices from the infinite families of Theorem 1.6.
Let us put our results and techniques in context. As mentioned in the abstract, the classification of empty 4-simplices was started in 1988 by S. Mori, D. R. Morrison, and I. Morrison. They used the same quintuples as we use to specify 4-simplices (although with a different, algebro-geometric, interpretation) and they showed the existence of the 1+1+29 primitive families with three, two and one parameter that we describe in Theorem 1.6 and conjectured, based on an exhaustive enumeration up to V = 1600, that all empty 4-simplices of prime volume V > 419 belonged to them. This conjecture, without the volume bound, so that larger finitely many exceptions were possible, was proved by Sankaran [San90] (although he omitted some cases of a lengthy case study in the published version of his paper) and then Bover [Bob09] .
Another empirical exploration of empty 4-simplices was done by Haase and Ziegler [HZ00] who enumerated them (without the restriction to prime volumes) for V ≤ 1000. Their main interest was not in classifying them but in bounding their width. The width of a body K ⊂ R d with respect to a linear functional f : R d → R is the length of the interval f (K). The (lattice) width of a lattice polytope P with respect to a lattice Λ is the minimum width with respect to all lattice functionals f ∈ Λ * . It is a nonnegative integer that equals zero if and only if P is lower dimensional and equals one if and only if P projects to a unit segment (the case k = 1 in our Theorem 1.6). Haase and Ziegler found 178 empty 4-simplices of width three (with volumes between 49 and 179) and a single one of width four (with volume 101) and conjectured that these lists were complete and that no empty 4-simplices of width larger than four exist. These conjectures were proven in our previous paper [IVnS19] .
In 2011, Barile, Bernardi, Borisov and Kantor [BBBK11] claimed to have proved that all but finitely many empty 4-simpices have width one or two, but their proof implicitly assumed that the Sankaran-Bober proofs of the Mori et al. conjecture work for non-prime volume. In particular, they assumed the (false) statement that the classification of empty 4-simplices with k = 1, 2, 3 contaiend only the 1 + 1 + 29 families found by Mori et al., a statement that was shown to be false by Blanco et al. [BHHS16] . However, Barile et al.'s proof of the fact that all empty 4-simplices are cyclic (that we state as Theorem 1.2) is correct.
As a final remark, we have compared our computation of sporadic examples with the one by Mori et al., who list the number of them for each prime volume up to 419 (see the left part of Table 4 , which is Table 1.14 in [MMM88] ). The right part of the same table is our count of them; this is not exactly the same count as in Table 3 since we are here counting terminal quotient singularities rather than simplices; that is, each simplex is counted as many times as orbits of vertices are there in its affineunimodular symmetry group. As seen in the table, there are some discrepancies between our results and theirs. We approached the authors of [MMM88] about this issue and I. Morrison (personal communication) told us that they no longer have their full output, so it is not possible to verify their numbers, or to look at what particular simplices produce the discrepancies. Observe that, when there is a discrepancy, the value in [MMM88] is higher than ours (with a single exception for V = 47 that might well be a typographic error). Our guess is that their mistake was not in the enumeration part but in the search for redundancies, where quintuples that look different may actually be isomorphic, specially when V is not big with respect to the entries in the tuple. This guess is consistent with the facts that all discrepancies have V < 60 and discrepancies are bigger for smaller values of V . 2. How to classify hollow polytopes 2.1. A general classification scheme. Let Λ by a lattice in R n .
For most of what we do there is no loss of generality in taking Λ = Z n . A lattice polytope is a polytope with all vertices in Λ. A lattice polytope is hollow if P ∩ Λ ⊂ ∂P and empty if P ∩ Λ = vertices(P ). When classifying lattice polytopes we consider them modulo affine automorphism of Λ. That is, P and P are considered the same lattice polytope if there is an affine automorphism Λ → Λ sending P to P .
Observe that if there is a lattice projection π : R n → R k sending a polytope P to a polytope Q, and Q is hollow with respect to the projected lattice π(Λ), then P is automatically hollow; (the same is not true for empty). In this situation we say that π, or Q, is a hollow projection of P , and that P is a lift of Q. The starting point to a general classification of hollow lattice polytopes is the following result of Nill and Ziegler: To rephrase this statement we introduce the following definition: Definition 2.2. Let d ∈ N be fixed and let Q be a k-dimensional lattice hollow polytope that does not project to any (k − 1)-hollow polytope, with k ≤ d. We call coarse family of Q the collection of all hollow d-polytopes that have Q as a hollow projection.
Corollary 2.3. All hollow d-polytopes of any fixed dimension d belong to a finite number of coarse families.
Proof. There is one family for each of the finitely many polytopes of Theorem 2.1, for each k = 1, . . . , d.
Example 2.4. A lattice polytope P projects to a hollow 1-polytope if and only if P has width one. That is, if P is contained between two consecutive parallel lattice hyperplanes. It is easy to check that the only hollow 2-polytope without that property is the second dilation 2∆ 2 of a unimodular triangle. Thus, the coarse classification of hollow lattice 2-polytopes is as follows:
• The dilated unimodular triangle 2∆ 2 is a coarse family with a single element. Example 2.5. The coarse classification of hollow 3-polytopes is:
• The coarse family consisting of those of width one.
• The coarse family of those projecting to 2∆ 2 . As before, these can be described as the convex hull of six hollow lattice segments
, are the six lattice points in 2∆ 2 and [a i , b i ] is an integer interval. Some of these intervals may degenerate to points and there is no loss of generality in assuming some of the a i s or b i s to be zero or one, but we skip details.
• Each of the finitely many (by Theorem 2.1) hollow 3-polytopes that do not project to dimension two is a coarse family in itself. These were enumerated by Averkov et al. [AWW11, AKW17] , who showed that there are 12 maximal ones: five of width three and seven of width two.
Observe that the families just defined may not be disjoint. For example, the Cartesian product of 2∆ 2 with a unit segment belongs to the first two families of Example 2.5, since it projects both to 2∆ 2 and to a unit segment.
We are interested in a finer classification, which takes into account the number of lattice points. A hollow configuration is a finite set S of lattice points such that conv(S) is a hollow polytope.
Definition 2.6. Let d ∈ N be fixed and let S be a configuration of n lattice points (perhaps with repetition) in R k , with n > d ≥ k. Assume that conv(S) is hollow but it does not project to a hollow (k − 1)-polytope. We call fine family of S the collection of all hollow d-polytopes with n vertices that admit a lattice projection sending vertices(P ) to S. Proof
Once we know this, we have that the number of fine families equals is bounded by the number of multisubsets of of size N (d) of the lattice points in each of the finitely many polytopes of Theorem 2.1, for k = 1, . . . , d.
Example 2.8. There are three fine families of hollow lattice 2-polytopes:
• The dilated unimodular triangle 2∆ 2 is still a fine family with a single element. The corresponding S has size three (the three vertices of 2∆ 2 ).
• The lattice polygons of width one fall into two fine families, one projecting to the set S 1 = {0, 1, 1} (n = 3, k = 1) and one projecting to the set {0, 0, 1, 1} (n = 4, k = 1). Members of the first family are isomorphic to a triangle
One key difference between coarse and fine families is that in the latter we fix the number n of vertices. In particular, if we take n = d + 1 we are looking at hollow simplices. Observe that in Example 2.8 each fine family is parametrized by n − k − 1 parameters. We are going to analyze this phenomenon in more detail in the case of interest to us.
Let us finish this section by pointing out that these finiteness results are very similar in spirit to Thm. 2.1 in [Bor99] ), which Borisov derives from the following more general statement of Lawrence [Law91] : for any open subset U of the torus
the family of subgroups of T d not intersecting U has finitely many maximal elements. The relation is as follows: let U be the interior of the standard simplex in T d . Then, discrete subgroups G ∈ T d not meeting U correspond to hollow d-simplices P ⊂ R d via the correspondence P ↔ G P = Λ/Λ P . If G is not discrete (e.g., G corresponds to positive dimensional linear subspace V ≤ R d ) then the discrete subgroups of G form a fine family of hollow simplices, in the sense of Definition 2.6. 2.2. The case of cyclic simplices. Our task in this section is to relate the (d+1)-tuple of a cyclic simplex P to a hollow projection. In order to do this we fix the following notation:
be a cyclic lattice d-simplex of volume V , and let Λ P be the affine lattice generated by its vertices (we assume without loss of generality that 0 ∈ Λ P ). Remember that, by definition of cyclic simplex, the quotient group G(P ) := Λ/Λ P is cyclic of order V ). Let π : R d → R k be a linear projection and denote
Observe that both vertices(P ) and S are considered as ordered sets, and their ordering corresponds to the order of coordinates in a (d + 1)-tuple representing P .
Let Λ S be the affine lattice generated by S, which is a sublattice of π(Λ). Then π(Λ)/Λ S is a cyclic group too, since π induces a surjective homomorphism
Let I be the index of Λ S in π(Λ) which, by the above remark, divides V . We say that S, and the fine family defined by it, are primitive if I = 1; that is, if Λ S = π(Λ).
We need the following elementary fact about cyclic groups:
Lemma 2.9. Let π : Z V → Z I be a surjective homomorphism between the cyclic groups of orders V and I. Then, for every generator q of Z I threre is a generator p of Z V with π(p) = q.
Proof. Take as p ∈ Z any prime from the arithmetic progression {q + nI : n ∈ Z} and not dividing V . Such a prime exists since, by Dirichlet's prime number theorem, the arithmetic progression contains infinitely many primes.
Proposition 2.10. With the above notation, let q ∈ π(Λ) be a generator of the quotient group π(Λ)/Λ S . Then:
(1) There is a vector a ∈
(2) There is a generator p ∈ Λ of the quotient group Λ/Λ P such that the barycentric coordinates of p with respect to {v 0 , . . . , v d } have the form
where b ∈ Z d+1 is the coefficient vector of an affine dependence on S.
Proof. For part (1), observe that since Λ S has index I in π(Λ), we have π(Λ) ≤ 1 I Λ S . In particular, the point q ∈ π(Λ) can be written as an affine combination, with coefficients in 1 I Z, of the points in S. The vector a is the vector of coefficients in this dependence.
For part (2), let p ∈ Λ be a generator of Λ/Λ P with π(p) = q, which exists by Lemma 2.9. Let c = (c 0 , . . . , c d ) ∈ 1 V Z d+1 be the barycentric coordinates of p with respect to {v 0 , . . . , v d }. That is, c i = 1 and
The only thing that remains to be shown is that b := V (c − a) is the coefficient vector of an affine dependence among the π(v i )s. This is easy:
The above statement implicitly gives a parametrization of the fine family of cyclic simplices projecting to S. Let us make it more explicit.
Corollary 2.11. Let Λ 0 be a lattice in R k and let S be a multiset of d + 1 lattice points affinely spanning R k . Assume that Λ/Λ S is cyclic, of index I, and let a be Observe that for primitive families (that is, for I = 1), the only generator q of Λ/Λ S is the zero class, represented (for example) by the first element of S. This gives us a = (1, 0, . . . , 0) but, since we are interested in the tuples modulo the integers, we can as well take a = 0. This is our convention in all the primitive families of Theorem 1.6.
In Corollary 2.11 we are describing all the cyclic simplices that project to S. If S is hollow then those simplices are automatically hollow, but not necessarily empty. Our next statements give conditions for the simplices to be empty.
Proposition 2.12. Let P be a cyclic d-simplex of volume V with tuple
A necessary condition for P to be empty is that no d − 2 of the b i s have a factor in common with V .
Proof. Recall that the V tuples jb, j = 0, . . . , V − 1, represent the V classes of lattice points in Λ/Λ P . If d − 2 of the b i s have a factor in common with V then there is a j = 0 such that jb has three (or less) nonzero entries. That implies one of the non-zero classes in Λ/Λ P to have representatives in a 2-plane spanned by a 2-face of P , which implies P has a 2-face that is not unimodular, hence not empty. That is a contradiction since every face of an empty simplex is empty. Proposition 2.13. Let P be a cyclic hollow 4-simplex of volume V with quintuple 1 V (b 0 , . . . , b 4 ) and Let V i := gcd(V, b i ) (which equals the volume of the i-facet of P ). The following are equivalent:
(1) P is empty.
(2) For each i, if V i = 1 then the multiset {b 0 , . . . , b 4 } coincides, modulo V i , with the multiset {0, α, −α, β, −β} for some α and β coprime with V i .
Proof. Once we know that P is hollow, it will be empty if and only if its facets are empty tetrahedra. The (classes of) lattice points in Λ/Λ P lying in the hyperplane of the i-th facet are those that have a zero in the i-th position of their barycentric coordinates; these, as multiples of the generator We now start applying Corollary 2.11 to the case of cyclic empty d-simplices, in order to prove Theorem 1.6. That is, we need to look at hollow configurations of five points in R k , k < 4.
Proof of Theorem 1.6, case k = 1. There are two possibilities for a hollow configuration S of five points in dimension one. Either S = {0, 0, 0, 1, 1} or S = {0, 0, 0, 0, 1}. We first show that every cyclic simplex projecting to the latter, Proof of Theorem 1.6, case k = 2. Our set S consists now of five of the six lattice points in 2∆ 2 (see Figure 1) , perhaps with repetition. In order for S not to project to dimension 1, we need to use the three vertices of ∆. This leaves a priori many possibilities for S, but we claim that: Claim: no four of the five elements of S can be on the same edge of 2∆ 2 : Suppose that four elements lie on an edge, so that there is a lattice functional f : R 2 → R taking the value 0 at four elements of S and value 2 at the fifth. Let
Since the facet of P wheref vanishes is an empty tetrahedron, by Theorem 1.1 there is a lattice functional g : R 4 → R sending two of its vertices to 0 and the other two to 1. Let c be the value of g at the fifth vertex of P . Then g − c 2
f takes values 0 or 1 at all vertices of P , contradicting the fact that P does not project to dimension one.
The claim implies that S is, modulo symmetries of 2∆ 2 , one of the two point configurations of Figure 3 . Their respective spaces of linear dependences are {(β, −2β, α, −2α, α+β) : α, β ∈ R 2 } and {(2β, −β, −β, α, −α) : α, β ∈ R 2 }; the integer dependences are the same, with α, β ∈ Z. The first configuration is primitive (I = 1), but in the second one we have I = 2 and we can choose as barycentric coordinates for the unique generator of the quotient group the vector 0, 0, respectively. In the first case V must be odd, by Proposition 2.12 and n the second case V must be even, since V is a multiple of the index I = 2. Proposition 2.12 also implies gcd(α, V ) = gcd(β, V ) = 1. This allows us to multiply the 5-tuple by the inverse of β modulo V , producing tuples in the form of Theorem 1.6. (In the second one, observe that both β and its inverse are odd, so that multiplying by β −1 leaves the part 0, 0, 
has two even b i s, contradicting Proposition 2.12.
As mentioned after the statement of Theorem 1.6, the conditions stated for a, b and V in the cases k = 1 and k = 2 are necessary and sufficient for the corresponding simplices to be empty. We now show this: Proposition 3.1. All the cyclic simplices in the conditions stated in parts k = 1 and k = 2 of Theorem 1.6 are empty.
Proof. By Corollary 2.11, all integer values of V , a and b produce hollow simplices, since they produce simplices projecting to hollow configurations in dimensions 1 and 2. Hence, we can apply Proposition 2.13. We do this in the three cases:
• For the tuple • For the tuple
with V ∈ 4Z and gcd(α, V ) = 1 we have V 1 = V 2 = V 3 = V 4 = 1 and V 0 = 2. Thus, we only need to look at the latter. It produces
as required.
Proof of the main theorem, case k = 3
We now look at the case k = 3. That is, let P = conv(v 0 , . . . , v 4 ) be a cyclic 4-simplex (later we will add the constraint that P is empty) and π : R 4 → R 3 be a projection map sending the vertices of P to a hollow 3-dimensional configuration S = {s 0 , . . . , s 4 } with the property that S does not project to dimension two. There are finitely many possibilities for S, by Theorem 2.1. Their computation was exhaustively done in [AKW17] and can be summarized as follows:
). There are twelve maximal 3-dimensional hollow polytopes that do not project to dimension two. Their volumes are bounded by 36 (attained by conv (0, 6e 1 , 3e 2 , 2e 3 ) ).
Observe that conv(S) is a 3-polytope with four or five vertices, for which there are combinatorially three cases: it is either a tetrahedron, a pyramid over a quadrilateral, or a triangular bipyramid (a convex union of two tetrahedra with a common facet). Our proof mixes a (computationally straightforward) enumeration of the subconfigurations of the twelve maximal 3-polytopes from Theorem 4.1 with some theoretical observations. What we need from the enumeration is summed up in the following statement. The computations in it were done by Mónica Blanco:
Lemma 4.2. The twelve polytopes of Theorem 4.1 contain exactly the following subconfigurations of size five and which do not project to dimension two, according to the combinatorics of their convex hull:
(1) A certain number of tetrahedra (with an additional boundary point).
(2) 24 quadrilateral pyramids, all of them containing some lattice point in the interior of the quadrilateral facet. (3) 29 primitive bipyramids, whose affine dependences are generated by the quintuples in Table 1 . (4) 23 nonprimitive bipyramids specified in Table 5 .
The following statement shows that we do not need to care much about tetrahedra and quadrilateral pyramids: Proposition 4.3. Let S be a hollow configuration of five points in R 3 such that conv(S) is either a tetrahedron or a pyramid over a non-hollow quadrilateral Q. Then, there is an upper bound for the volume of all empty 4-simplices projecting to S. For the tetrahedra and quadrilateral pyramids of Lemma 4.2 this bound is 72 or lower.
Remark 4.4. The existence of the global bound in Proposition 4.3 follows from results in [BHHS16] . For tetrahedra this is Corollary 4.2 in that paper, and for the pyramids over non-hollow polytopes it is the combination of Corollary 4.4 and Lemma 4.1. We include a proof of Proposition 4.3 in order to say what the bound is, and how we computed it.
Proof. Let P = conv(v 0 , . . . , v 4 ) be an empty simplex projecting to S = {s 0 , . . . , s 4 ) and let π : R 4 → R 3 be the projection map. (We assume π(v i ) = s i ). Suppose first that conv(S) is a tetrahedon, with vertices s 1 , s 2 , s 3 , s 4 , and let s 0 be the fifth element of S (which may or may not coincide with one of the vertices). Since P is not empty, π −1 (s 0 ) ∩ P is a segment having v 0 as one end-point and of length at most one. It is easy to show (see [IVnS19,  (1, 0, 2, 0, 0) (3, −6, 2, 2, −1) V = ±3 (mod 9) 1 3
(1, 0, 2, 0, 0) (4, −6, 1, 2, −1) V = 0 (mod 9) 1 3
(1, 0, 2, 0, 0) (4, −3, 1, −4, 2) V = 0 (mod 9)
(1, 0, 0, 4, 1) (1, −3, 1, 2, −1) V = 0 (mod 36) among vertices, and necessary restritions for V (mod I 2 ) needed for no two entries of V a±b to have a common divisor with I. When the latter is expressed with a ± in it, the + sign goes with V a + b and the minus sign with V a−b. These conditions are necessary but not sufficient to guarantee that the quintuple produces an empty simplex (see details in Remark 4.5). In the six rows where the condition is V ∈ ∅ this implies that the corresponding simplices are never empty; this is why Table 2 contains only 17 of the 23 nonprimitive quintuples.
the "Radon point of S") that
For the tetrahedra of Lemma 4.2 this gives us a bound of 36, via Theorem 4.1.
Suppose now that conv(S) is a pyramid over a quadrilateral Q, with apex at s 0 . Let be the lattice distance between the plane spanned by Q and s 0 , and let F = conv(v 1 , v 2 , v 3 , v 4 ) be the facet of P that projects to Q. Observe that the lattice distance between the hyperplane spanned by F and v 0 divides . In particular, Vol(conv(S)) = × Vol(Q), and Vol(P ) ≤ × Vol(F ).
Let x be the intersection of the diagonals in Q, which is in this case the Radon point of S as used in [IVnS19, Lemma 3.1]. As before, that lemma says
It is no longer true that length(π −1 (x) ∩ F ) ≤ 1, but we can bound this length as follows. Let y be an interior lattice point in Q and let z be the last point in Q along the ray from x through y (if x = y, let z be an arbitrary boundary point of Q). Then, it follows from the proof of [IVnS19, Lemma 3.1] (see also the related result [IVnS19, Lemma 3.5]) that
This gives us the desired upper bound on the volume of P :
For the 24 pyramids of Lemma 4.2 this formula (taking the best possibility for y when there is a choice in a particular S) gives us the bound of 72 in the statement.
With this we can now finish the proof of the case k = 3 in our main theorem:
Proof of Theorem 1.6, case k = 3. Let P = conv(v 0 , . . . , v 4 ) be an empty 4-simplex projecting to a hollow configuration S = {s 0 , . . . , s 4 } ⊂ R 3 that does not project to dimension two. By Proposition 4.3, if conv(S) is not a triangular bipyramid then Vol(P ) ≤ 72. For each of the 29 primitive plus 23 nonprimitive triangular bipyramids of Lemma 4.2, Corollary 2.11 tells us how to parametrize the (d + 1)-tuples of empty simplices projecting to them. More precisely:
• When the bipyramid is primitive, the quintuple is 1 V b where b is an integer affine dependence among S. A priori there are different possibilities for b, since the affine dependence of S is only unique modulo multiplication by a scalar. But by Proposition 2.12 we can assume b to not have a common divisor with V . This implies that b equals, modulo V , the primitive affine dependence times a factor prime with V . Since multiplying a tuple by a factor prime with V does not change the cyclic simplex it represents, there is no loss of generality in taking b to be the primitive dependence as we do in Table 1 .
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• When the bipyramid is not primitive, the quintuple is of the form a + 1 V b where a are the barycentric coordinates of a generator of Z 3 /Λ S and b is an integer affine dependence among S. Observe that Corollary 2.11 allows us to choose our preferred a (even if Z 3 /Λ S may have several generators) but it does not, a priori, allow us to choose b. But, as before, every two valid choices of b are related via multipication by a factor prime with V . That is, every empty simplex of volume V for one of these bipyramids can be represented as a quintuple of the form
where a and b are the choices in Table 5 , and gcd(r, V ) = 1. Multiplying such a quintuple by r −1 (mod V ) we find that the same simplex is represented by
Now, since I divides V , r is also a unit modulo I, which implies that r −1 a is also a generator of Z 3 /Λ S . In all our cases I = {1, 2, 3, 6}, so Z 3 /Λ S ∼ = Z I has only two generators, ±a. Thus, our simplex is represented by the quintuple ±a + Since the index I is four, every hollow simplex projecting to the corresponding bipyramid has volume multiple of four, so let us write V = 4k. This gives
It turns out that no matter what the value of k is, this tuple contains two even entries (the 4th one is always even, the 3rd and 5th are even when k is respectively odd and even). Thus, Proposition 2.12 implies these simplices not to be empty, no matter what the value of V is. Taking V = 2k, V = 3k and V = 4k, respectively, in the other five quintuples gives a similar result. Indeed, the tuples become: The first four contain two even entries and the last one two multiples of three, no matter what the value of k is.
Remark 4.5 (The restrictions of Table 5 ). The same argument used in the last part of the proof to discard six of the nonprimitive tuples of Table 5 give the restrictions on the value of V for the other tuples in the table. In all cases we get that V , besides being a multiple of the index I, needs to satisfy certain conditions modulo I 2 . For example, for the tuple of index 6, letting V = 6k we obtain 1 6 (1, 0, 0, 4, 1) + 1
If k is odd then both k + 1 and k − 1 are even. If k = 2 (mod 6) then both k + 1 and −3 are multiples of 3, and if k = 4 (mod 6) then both −3 and 4k + 2 are multiples of 3. Thus, Proposition 2.12 implies that this tuple only gives empty simplices when V = 0 (mod 36), as claimed in Table 5 . Our computations confirm this fact. However, there are additional restrictions on V besides those in the table. For example, in the first quintuple
the condition V ∈ 2 + 4Z guarantees that we do not have two even entries. But if V ∈ 3Z we have two multiples of three, which is forbidden by Proposition 2.12. This type of restrictions are more difficult to detect, so we omit them and refer to Proposition 2.13 for the precise conditions that V needs to satisfy in each case.
Remark 4.6 (Sufficiency of the restrictions of Table 1 ). Proposition 2.13 allows one to easily check that the necessary conditions for V stated in Table 1 are also sufficient. Let us look at the first case in detail and leave the rest to the interested reader. Our quintuple is 1 V (9, 1, −2, −3, −5), and V is restricted to not be a multiple of 3 since two entries in the vector are divisible by 3. Then, the worst values for the (V 0 , V 1 , V 2 , V 3 , V 4 ) of Proposition 2.13 are (1, 1, 2, 1, 5). We say "worst" because V 2 is only 2 if V is even and V 4 is only 5 if V ∈ 5Z, but if this is not the case then the corresponding V i equals 1 and the condition in part (2) of Proposition 2.13 is void. So, assuming the worst case, what we need to check is that (9, 1, −2, −3, −5) = (4, 1, 3, 2, 0) (mod 5) and (9, 1, −2, −3, −5) = (1, 1, 0, 1, 1) (mod 2) have their non-zero entries forming two pairs of opposite residues modulo the respective V i ∈ {5, 2}, which is indeed the case.
5. Proof of the case k = 4, and of Theorem 1.7
As explained in Section 4 of [IVnS19] , we have enumerated all empty 4-simplices of volume up to 7600. By discarding from the output the simplices in the 1+2+46 infinite families of cases k = 1, 2, 3, we have found the 2461 sporadic simplices described in Table 3 . That this list is complete, which is the content of Theorem 1.7, follows from the following statement. Its proof occupies the rest of this section.
Theorem 5.1. Let P be a hollow 4-simplex of width two and which does not project to a hollow 3-polytope. Then, Vol(P ) ≤ 5184.
For simplices of width at least three this statement is [IVnS19, Theorem 3.6]. Since the width of P cannot be one (for that would imply P to project to a hollow 1-polytope) in the rest of the section we assume that P is an empty 4-simplex of width two. Thus, without loss of generality, we take P ⊂ R 3 × [−1, 1]. Let Q := P ∩ {x 4 = 0} be the middle 3-dimensional slice with respect to the last coordinate. If we get a good bound for the volume of Q then we can transfer it to P via the following lemma. A more general version of it appears in [GM19] To bound the volume of Q we now observe that Q is a hollow 3-polytope with half-integer vertices; in particular, its width is half-integer. We also know that Q does not project to a hollow 2-polytope (otherwise P would project to a hollow 3-polytope). We distinguish three cases: (II) If width(Q) ≤ 3/2, or width(Q) = 2 with respect to a functional whose minimum and maximum are integer, then we assume without loss of generality that Q ⊂ R 2 × [−1, 1] × {0}. In this case we can apply to the slice R := Q ∩ {x 3 = 0} the same ideas that we applied to P ∩ {x 4 = 0}, since R is hollow and does not project to a hollow segment. Proof. Let us recall our hypotheses: Q ⊂ R 3 is a 3-dimensional hollow polytope with supporting hyperplanes {x 3 = −1/2} and {x 3 = 3/2}, and the slices R := Q ∩ {x 3 = 0} and R = Q ∩ {x 3 = 1} both have width one and project to hollow segments, but with respect to different projection directions.
Applying Lemma 5.2 to R ⊂ Q with a = 1/2 and b = 3/2 we get that Vol(Q) ≤ 1 2 2 1/2 3 Vol(R) = 32 Vol(R). Now, R has width one with respect to a certain direction, and width at most three with respect to a second one. (For the latter, observe that R is contained in a band of width three along the direction of the band of width one containing R ). This implies Vol(R) ≤ 6, from which we deduce Vol(Q) ≤ 192 and Vol(P ) ≤ 192 · 16 = 3072.
For cases (II) and (III.a) we need to use that the coordinates of vertices of Q are rational with small denominators:
Lemma 5.5. In the conditions of cases (II) or (III), all vertices of R and R have coordinates in
